Abstract-Two-layer step-index fibers have well-known cutoff solutions, while cutoff solutions for three-layer step-index fiber exist for only one geometry (ring fiber). We derive exact expressions for cutoff frequencies of both vector and scalar modes for all geometries of three-layer step-index fibers. While vector modes have been solved for these fibers, to the best of our knowledge, this is the first time cutoff expressions are reported. Expressions for cutoff help predict the number of supported modes for a given fiber profile. Using these cutoff expressions, we deduce characteristics of fiber modal content as a function of fiber profile.
I. INTRODUCTION
T HREE layer step-index fiber is a simple extension of the extensively deployed single-core step-index fiber. This family of fibers includes double-clad fiber, W-type fiber [1] , ring-or annular-core fiber [2] , pedestal fiber, etc. These structures can be exploited for chromatic dispersion compensation [2] , higher-order mode filtering, fiber amplificators and lasers [3] , [4] , optical sensing, or orbital angular momentum (OAM) transmission [5] - [7] .
The modal equations for step-index fibers with a single core and cladding, called standard fiber throughout this paper, are very well known [8] . Although adding another layer to the fiber only adds a combination of two Bessel functions to the expressions of the longitudinal electrical and magnetic fields, no exact equations have appeared for those fibers. The literature only provides approximations, typically for a specific kind of fiber profile. For instance, [1] gives approximate formulas for W-type fibers, but states that no analytical solution seems possible for the 4 × 4 determinant.
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fibers, it does not address the calculation of cutoff frequencies. Knowledge of exact theoretical cutoffs of vector modes is important for numerically solving and identifying modes, and as a tool for designing fibers tailored for guiding a specific number of modes, as it allows to predict what are the guided modes for a given fiber design. This cutoff is theoretical, as it supposes an infinitely long fiber, perfectly circular, with no variation on the z-axis, and an infinitely thick cladding; but it still remains a good approximation of the actual cutoff we could measure in a real optical fiber. We recently developed exact cutoff expressions for vector modes in ring-core fibers [10] . In the current paper, we complete this analysis by giving the cutoff expressions for the other kinds of three-layer fibers. To the best of our knowledge, has not been reported before.
In Section II we introduce the notation and the tools we will use throughout this paper. We present the different three-layer fiber profiles, and we extend normalized parameters V 0 and b for use in the context of multi-layer fibers. We give a brief review of the derivation of the fields in a cylindrical waveguide. We end this section with a summary of the transfer matrix method used for solving for modes in multilayer step-index optical fibers. In Section III, we develop the modal equations for three-layer fibers, and we find a general form for the characteristic equation at cutoff. In Section IV we develop specific solutions for vector and scalar modes, in all varieties of three-layer step-index fibers. The reader interested in results without the mathematical development could skip those two sections, and proceed directly to the expressions summarized in Tables I-IV . In Section V, we validate the cutoff expressions by comparing the results with extrapolation of the numerically solved modes near cutoff. We also validate the expression showing the consistency of results when varying fiber indices to go through different kinds of fiber profiles. Finally, we draw some conclusions based on observations of numerical results.
II. NOTATION AND TOOLS

A. Fiber Layers Configuration
There are five possible configurations of three-layer fibers illustrated in Fig. 1 . We previously addressed cutoffs of ringcore fibers, when n 1 = n 3 ( Fig. 1(e) ) in [10] . We now generalize those results for any three-layer fiber profile.
B. Normalized Notation
For two-layer fibers, we often use the normalized frequency, defined as 
and the normalized propagation constant, defined as
where k 0 = 2π/λ = ω/c is the wavenumber in a vacuum, n eff is the effective refractive index, n cl is the refractive index of the cladding, n co is the refractive index of the core, and ρ is the radius of the core.
In the case of multilayer fibers, we can use a similar normalized notation, if we replace n co by n max , the highest refractive index of the fiber layers, and ρ by r N −1 , the radius of the last fiber layer, N being the total number of layers. Defining a normalized frequency V 0 allows all types of three-layer fiber to be easily compared with standard fiber.
One use of the cutoff is to bound the search for n eff for a given mode at a given wavelength. Indeed, we know that for a mode to be guided, V 0 > V co , where V co is the cutoff expressed as normalized frequency.
In some cases, as we will see in Section V, it is useful to define the V 0 frequency with other choices of index and radius. This is acceptable, as it only changes the normalization constant, as long as the same definition of V 0 is used when comparing two different fibers.
C. Field Expressions
We assume the fiber is infinitely long and has no variation on the propagation z-axis, that the fiber has an infinite cladding, and that there is no variation in the fiber material. A step-index fiber under those conditions has electro-magnetic fields described by the well-known Helmholtz equation [8] :
where ∇ 2 is the Laplace operator, E and H refer to the three dimensional electrical and magnetic vector fields, respectively, ω is the angular frequency, μ 0 is the magnetic permeability in a vacuum, and ε is the absolute permittivity. In cylindrical coordinates, modal fields are given by
e z and h z satisfy the Helmholtz equation in the transverse plane. We can write the cylindrical dependence (r being the radial distance and φ the angular displacement) of (3) as linear combinations of Bessel functions
where A i , B i , C i , and D i are constants to be determined (for each fiber layer), J ν and N ν are Bessel functions of the first and second kind, ν ≥ 0 is an integer, φ 0 is an arbitrary phase, and
where n i is the refractive index of layer i in the fiber (i = 1 is the center layer), and β = k 0 n eff is the propagation constant. In fiber layers where n i > n eff ,û i is real. In fiber layers where n i < n eff ,û i is purely imaginary, and (5) can alternately be written as linear combinations of modified Bessel functions of the first and second kind, I ν and K ν , since
The hat overû i is a reminder that this quantity can be either real or purely imaginary. We also define
without hat, where u i is a real valued quantity appearing in the argument of ordinary and modified Bessel functions. We can assume u 3 is always real, as otherwise the mode would not be guided.
Radial and azimuthal components of the electro-magnetic fields are related to longitudinal components by Maxwell's equations as follows
where η 0 is free-space impedance. To simplify the notation, we will include the value of η 0 inside the constants of (5).
D. The Transfer Matrix Method
A mode describes a solution to the wave equation. To solve for modes in an optical fiber, several methods exist. Exact solutions exist only for a very limited set of fiber profiles. For arbitrary refractive index profile, solution typically relies on numerical methods like finite elements (FEM). For step-index profiles, however, we can use the transfer matrix method. This method, first introduced in [11] , is well described in [12] . This algorithm produces a transcendental characteristic equation whose roots are modal solutions of the fiber. Numerical methods need only be directed at the roots of the characteristic equation, but the equation itself is analytical. Therefore this method is faster and more accurate than more generic numerical methods, e.g., finite element methods.
Cutoff is the limit condition for a fiber to guide a given mode. It can be specified in terms of a wavelength, or of another fiber parameter, e.g., core radius or core refractive index. However, for the sake of simplicity, we will assume here that we want the cutoff as a wavelength. For a mode to be guided by a fiber, the effective index must be greater than the refractive index of fiber cladding; only in this case will the electro-magnetic fields in the cladding be a function of decreasing modified Bessel function K ν . If the effective index is lower than the cladding refractive index, the fields would be made of oscillating Bessel functions J ν and N ν , and the mode would be a radiation mode.
To solve for cutoff, we fix β = k 0 n cl . Therefore, u cl = 0. In theory, we could solve for the cutoff using the transfer matrix method, by sweeping the wavelength for fixed β. However, in practice, K ν (u cl r) → ∞ when u cl → 0. Hence we need to investigate another way of solving for cutoff, based on an asymptotic series expansion of K ν .
III. GENERAL MODAL EQUATIONS THREE-LAYER FIBERS
We develop in this section the modal equations for threelayer fibers. We first develop the characteristic equation from the continuity of the longitudinal and azimuthal fields, and using properties found at cutoff, we simplify those equations. Finally, we use asymptotic expansion of K ν to handle the singularity, and we get a general form of the cutoff characteristic equation.
A. Continuity at Layer Boundaries
Expressions for the longitudinal fields of three-layer fibers are given by
Using (10), we can expand the derivatives in (9) . By ensuring the continuity of the e φ and h φ fields at r = r 1 and at r = r 2 , we obtain a set of four equations. Similarly, ensuring the continuity of the e z and h z fields in (10), we get an other set of four equations. Therefore, we have eight equations, with eight unknowns and D 3 ). This can be reduced to four equations with four unknowns, by substituting the four continuity equations of e z and h z into the four continuity equations of e φ and h φ . To simplify the notation, we also assume that the η 0 constant is absorbed into the constants to be found. Detailed calculation is given in Section I of supplementary materials. The four equations are now:
B. The Characteristic Equation
For e z and h z to be valid when u 3 → 0, the constants B 3 and D 3 must cancel out the K ν (u 3 r) function. One possibility is to have e z (r 2 ) = h z (r 2 ) = 0 at cutoff. This implies that
The other possibility is less obvious, and implies the cancellation of the (u 3 r 3 ) terms in the characteristic equation, as was the case for the equations of the ring-core fiber [10] . We assume that the same proportionality is maintained between the constants, and we state:
This assumption will be validated by solving of the cut-off equations obtained and comparing them with solutions from transfer-matrix numerical techniques. We define a convenient function
Substituting (13) into (11a) and (11b), only A 2 and C 2 remain as unknowns. Modal solutions exist when the 2 × 2 determinant is zero. Therefore, we obtain
In a similar way, from (11c) and (11d) we obtain
C. Solutions Using Asymptotic Behavior of K ν
We now have a relatively simple characteristic equation. However, we cannot use it directly to solve for cutoff, because of the singularity of K ν function when u 3 → 0.
The limit of
(u 3 r 2 )K ν (u 3 r 2 ) when u 3 → 0 and ν > 1 is given by
.
Evaluating this limit in (16) gives, after some simplification,
(18) At this point, we have a system of two equations, (15) and (18), with two unknowns: the γ variable, hidden into the F ν (ûr) function, and the cutoff wavelength, hidden into β, k 0 ,û 1 ,û 2 , and u 3 variables. The cutoff solution is found by isolating γ in one of the equations, and substituting it into the other equation.
Either the first or the second term of (18) is zero. By simulating the fields near cutoff (but far enough away to avoid numerical limitations), we observed that the former case (F ν (û 2 r 2 ) = 0) applies to LP, TE, TM, EH, and HE 1,m modes, when the longitudinal field components approach zero at r = r 2 , while the latter case applies to HE modes with ν > 1.
IV. CUTOFF OF THE VECTOR MODES
In the following subsections, we give solutions as functions of F. Detailed solutions, given in Tables I-IV, are obtained by expanding F using (14), and using the given value for γ. For more details, the reader can refer to supplementary materials.
A. TE 0,m and TM 0,m Modes
Having F ν (û 2 r 2 ) = 0 in (18) implies that
If ν = 0, the left-hand part of (15) We rewrite (15) as a quadratic equation
where
(24)
Roots of (22) are given by
The sign in (25) can be + or −, depending on whether we are looking for EH or for HE modes, and also depends on the type of fiber profile. Expanding the F functions in (25) using γ value from (19), we obtain the cutoff equations.
C. HE Modes
From (25), we evaluate γ as:
From (18) we know that Putting (26) into (28), we obtain cutoffs for HE ν,m modes when ν > 1. Numerical experiments tell us that sign in Δ ± must be + for fiber profiles (a), (b), and (c); it is − for fiber profile (d).
D. LP Modes
The weakly guiding approximation implies that n (15) to Tables I-IV. V. NUMERICAL VALIDATION To validate our expressions, we consider five different fiber profiles (the fifth profile was already covered in [10] ). For each profile, we calculate the normalized propagation constant as a function of normalized frequency, and ensure the value of V 0 given by our cutoff expressions is close to the V 0 value obtained by extrapolating modal solutions near the cutoff of each mode, obtained by the transfer matrix method. Considering the results of the transfer matrix method as accurate, since they come from the Maxwell equations which has been frequently confirmed experimentally, this supports the validity of assumptions leading to our cutoff expressions. Roots of the cutoff equations are found using conventional numerical methods (scanning the range of frequencies for a change of sign, and then refining via the Brent method). Each test profile is identified by a letter corresponding to the illustration in Fig. 1 . Fiber dimensions and refractive indices are summarized in Table V. Normalized propagation constant as a function of normalized frequency are plotted for each fiber profile. We give two sample plots, for vector and LP modes, in Figs. 2 and 4. We 
performed simulations for other fiber parameters, and for higher order modes as well, and selected these two to illustrate our method. Vertical dashed lines are the cutoff values found using the equations developped in this paper. Solid lines are the effective indexes of the different modes, computed numerically using the transfer-matrix method. The cutoff occurs when the normalized propagation constant b reaches zero. However, computing the effective index near cutoff is numerically unstable, because of the singularity in the K ν Bessel function.
As we can see in the figures, our cutoff values are in accordance with what would be expected. We can affirm this for three reasons, 1) cutoff values are in the region where we would expect the effective index of the mode to cross b = 0, and never are higher than the lowest V 0 for a given mode; 2) cutoff values of vector modes are close to cutoff values of corresponding LP modes; 3) cutoff of EH and HE modes are in the expected order (HE ν,m before EH ν,m ). Special care must be taken when analyzing fiber profile (b). In Fig. 4 we see LP 0,2 and LP 1,1 cross. However, as explained in [12, Appendix C], vectors modes with the same ν parameter cannot cross; and indeed there is no crossing between EH 1,1 and HE 1,2 modes. We can see this more clearly in Fig. 3 , where we zoom in on the interesting part of Fig. 2 .
Those figures also tell us about the number of supported modes for a given fiber profile at a given wavelength. For a given value of V 0 , the number of guided modes is the number of cutoffs below that value (including V 0 = 0 for HE 1,1 ). Using (1), this V 0 value can be translated to a wavelength, to a fiber dimension, or to a fiber refractive index. For instance, for a given fiber dimension and indexes, we know from V 0 what are the modes guided at a given wavelength. And for a given wavelength and fiber indexes, we know how many modes are guided for a given fiber radius.
A. Continuity of the Cutoff Plots When n 2 > n 3
Fiber profiles (b), (c), (d), and (e) all have a middle layer with a higher index than that of the cladding. The only difference is the index of the center layer.
In Fig. 5 , we plot the cutoff frequency as a function of the index of the central layer of the fiber when other parameters are fixed. We use n 2 = 1.6, r 1 = 4 μm, and r 2 = 6 μm, and we vary n 1 from 1.2 to 1.8.
We can divide this graph into five different regions. When n 1 < n 3 , we have a fiber profile of type (c). At n 1 = n 3 = 1.4, we have a ring-core fiber profile (type (e)). When n 1 is between n 3 and n 2 , we have a fiber profile of type (d). When n 1 = n 2 = 1.6, we have a simple single-core step-index profile. Finally, when n 1 > n 2 , we have a fiber profile of type (b). To generate this plot, we defined V 0 as k 0 r 2 n 2 2 − n 3 3 . This is needed in order to maintain one definition of V 0 across the different fiber types.
Many observations can be made from this figure. First, since the cutoff values for each of the five regions are obtained Fig. 6 . V 0 at cutoff as function of the index of the center layer (n 1 ), for a fiber with n 2 = 1.6, r 1 = 4 μm, and r 2 = 6 μm. V 0 = k 0 r 2 n 2 2 − n 2 3 .
using different equations, the continuity of each line confirms the asymptotic behavior of each function; each fiber profile approaches the next type. The same observation could be performed using limits on the equations, as we did in Section IV-D for LP modes when n 1 → n 3 .
At n 1 = n 2 = 1.6, we have a standard fiber. As expected, cutoff of the TE 0,1 mode is at 2.405 and cutoff of the EH 1,1 is at 3.832, the first roots of J 0 (x) and J 1 (x). We also see that at this value, TE 0,1 and TM 0,1 modes have the same cutoff. This crossing between TE and TM modes is possible, even if both modes are ν = 0, because there is no ordering condition between TE and TM modes. However, we can conclude that, for fibers of type (c), (d), and (e), TE 0,m > TM 0,m (in terms of n eff ), while TE 0,m < TM 0,m for fibers of type (b). Modes EH 1,1 and HE 1,2 also have the same cutoff in standard fibers (as it is the case for all EH 1,m and HE 1,m +1 modes). However, they do not cross, because we need to maintain the relation HE ν,m > EH ν,m > HE ν,m +1 . This is why there are discontinuities of the first derivative of the cutoff for those modes when we enter the n 1 > n 2 region. Fig. 6 is similar to Fig. 5 , but we plotted a larger number of modes, with m = 1, m = 2, and m = 3. From that plot, we form an interesting observation. When n 1 ≤ n 3 , i.e., for fibers of types (c) and (e), the separation between modes of different radial order (i.e. different m parameter) is very high. It does not imply that for higher values of V 0 there are no modes with m = 1, but rather that there can be many modes with m = 1 before reaching the first mode with m = 2, and even more before reaching modes with m = 3. This observation is related to the single radial order condition expressed in [10] . This is explained by the presence of much more room for modes with many concentric intensity rings (i.e., with m > 1) when the modes can be guided inside both center and middle layers (fiber types (b) and (d)), rather than only in the middle layer (fiber types (c) and (e)). The region between n 2 = n 3 = 1.4 and n 2 = n 1 = 1.6 corresponds to fiber profile of type (d), and fibers in this region behave like a transition between ring-core fibers and standard fibers. Therefore, the cutoff of the higher radial order modes is very sensitive to the value of the center layer index. The transition is particularly quick when n 1 is close to n 3 . Therefore, in the design of a ring-core fiber (of type (e)), a center layer index slightly higher than the cladding index could more easily cause unwanted higher radial order modes to be guided, while a center layer index slightly below the cladding index will have very little effect on the guiding properties of the fiber.
B. Continuity of the Cutoff Plots when n 1 > n 3
Fiber profiles (b), (c), (d), and (e) have a center layer with an index higher than that of the cladding. The only difference is the index of the middle layer. In Fig. 7 , we plot the cutoff frequency as a function of the index of the middle layer of the fiber, when the other parameters are fixed. For the simulation, we used n 1 = 1.6, r 1 = 4 μm, and r 2 = 6 μm. We can separate this graph into five different regions. When n 2 < n 3 , we have a fiber profile of type (a). At n 2 = n 3 = 1.4, we have a standard fiber, with ρ = r 1 . When n 2 is between 1.4 and 1.6, we have a fiber profile of type (b). When n 1 = n 2 = 1.6, we have a standard fiber, with ρ = r 2 . Finally, when n 2 > n 1 , we have a fiber profile of type (d). Here, we defined V 0 as k 0 r 2 n 2 1 − n 3 3 , for reasons similar to what we explained before.
Both n 2 = 1.4 and n 2 = 1.6 correspond to standard fiber, the only difference being the radius of the core. However, in Fig. 7 , only at n 2 = 1.6 can we see the expected values of V 0 for standard fiber mode cutoffs. This is an effect of the normalization (because we used ρ = r 2 instead of ρ = r 1 ), and this is necessary to see the continuity of the cutoffs. Multiplying V 0 by r 1 /r 2 brings back the expected value of V 0 .
Here again we see TE 0,m and TM 0,m modes crossing, and their inversion in type (b) fibers. We also see EH 1,m and HE 1,m +1 modes having the same cutoff in standard fiber, and their particularities in type (b) fibers. Therefore, the properties of mode cutoffs of each fiber type are consistent, whether we vary n 1 or n 2 .
VI. CONCLUSION
We successfully found exact expressions for the cutoff frequencies of vector and scalar modes in three-layer step-index fibers. This was possible because 1) at cutoff, e z and h z fields are proportional. Therefore, the linear system of four equations with four unknowns simplifies to a system of two equations with two unknowns; 2) when using the asymptotic series expansion of the K ν (u 3 r 2 ) modified Bessel function, the terms in (u 3 r 2 ) 4 cancel out. Therefore, it was necessary to evaluate the limit using the second term of the expansion to avoid trivial solutions. We verified the obtained results, and we showed that our expressions were in accordance with numerical results. We also demonstrated that our cutoff approaches cutoff of standard fiber when the three-layer profile approaches a two-layer profile.
Expressions for cutoff are useful in the context of fiber design to help predicting the number of supported modes for a given fiber profile. They are particularly interesting given the resurgence of interest in multimode fibers for spatial division multiplexing. Finally, the method used in this paper to find the cutoff expressions could potentially be extended, with some effort, to obtain numerical solutions of cutoffs for step-index fibers with an arbitrary number of layers. 
APPENDIX
